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Abstract
Chronic infection with hepatitis B virus (HBV) can lead to formation of abnormal
nodular structures within the liver. To address how changes in liver anatomy affect
overall virus-host dynamics, we developed within-host ordinary differential equation
models of two-patch hepatitis B infection, one that assumes irreversible and one that
assumes reversible movement between nodular structures. We investigated the models
analytically and numerically, and determined the contribution of patch susceptibil-
ity, immune responses, and virus movement on within-patch and whole-liver virus
dynamics. We explored the structural and practical identifiability of the models by
implementing a differential algebra approach and theMonte Carlo approach for a spe-
cificHBVdata set.Wedetermined conditions for viral clearance, viral localization, and
systemic viral infection. Our study suggests that cell susceptibility to infection within
modular structures, the movement rate between patches, and the immune-mediated
infected cell killing have the most influence on HBV dynamics. Our results can help
inform intervention strategies.
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1 Introduction

Chronic hepatitis B, caused by the hepatitis B virus (HBV), remains a major health
problem, affecting more than 257 million carriers globally (Schweitzer et al. 2015;
Trépo et al. 2014). HBV is transmitted vertically from mother to child, through sexual
contact, and after exposure with infected blood or body fluids (Guidotti and Chisari
2006). The risk of progression from acute to chronic disease is age dependent, with
adult immunocompetent patients clearing the virus and infants and children develop-
ing chronic infection, followed by liver disease such as cirrhosis and hepatocellular
carcinoma (Lee 1997; Locarnini et al. 2015). Chronic hepatitis B is rarely cured with
available therapeutics (Dusheiko 2013; Pawlotsky 2023), hence the need for interdis-
ciplinary studies where mathematical modeling and empirical data can merge to better
describe the disease evolution following hepatitis B viral infection.

Current mathematical models describing HBV dynamics from acute to chronic
infection are based on classical within-host models (Nowak et al. 1996) (with varia-
tions to account for hepatitis B virus characteristics), and are mainly validated with
HBV DNA titers in the serum of infected patients and chimpanzees (Ciupe, Ribeiro,
Nelson, Dusheiko, and Perelson 2007; Ciupe et al. 2014; Ciupe, Ribeiro, Nelson, and
Perelson 2007; Murray et al. 2005; Dahari et al. 2009; Neumann et al. 2010; Goyal
et al. 2017; Tsiang et al. 1999; Ciupe et al. 2024, 2021). Recently, multiscale mathe-
matical models have been developed, with the aim of integrating intracellular aspects
of hepatitis B replication into the cellular dynamics (Reinharz et al. 2021; Ciupe et al.
2024; Hailegiorgis et al. 2023; Shekhtman et al. 2024; Kadelka et al. 2021). They are
validated using in-vitro and humanized chimeric or transgenic mice data, and have
been instrumental in addressing the role of immune system (both cytolytic killing and
non-cytolytic cure) on viral resolution, and the role of viral markers (such as the s- and
e-antigens, and the covalently closed circular DNA) on viral persistence (Shekhtman
et al. 2024; Kadelka et al. 2021; Ciupe et al. 2024).

One aspect of chronic hepatitis B that is less studied, using mathematical models,
concerns the effect that hepatitis B virus has on the reshaping of the liver as the disease
progresses from healthy, to fibrotic, to cirrhotic (Fig. 1A). The progression to fibrotic
and cirrhotic disease is driven by repeated cycles of inflammatory responses, liver
cells (hepatocytes) death, hepatocytes regeneration, and accumulation of fibrous tissue
(Roehlen et al. 2020; Yuan et al. 2019). All these processes lead to the activation of
collagen-producing cells, resulting in excessive accumulation of extracellular matrix,
the formation of abnormal nodular structures, overall liver dysfunction, and often the
need for liver transplantation (Bataller et al. 2005).

The death of hepatocytes, due to chronic hepatitis B infection, has been shown
to trigger compensatory proliferation of the remaining hepatocytes (Michalopoulos
and Bhushan 2021). Fibrosis and cirrhosis affect viral replication, with increased liver
stiffness that promotes the progression of hepatitis B disease (Cast et al. 2019). In this
paper, we investigated whether the HBV persistence is influenced by differences in
hepatocyte turnover (replication anddeath)within the nodular structures formedduring
fibrosis and cirrhosis (Fig. 1B, right panel). To address this, we developed two-patch
mathematical models of heterogeneous hepatitis B virus replication and used them
to determine how patch-specific hepatocyte susceptibility, immune response-induced
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Fig. 1 Proposed model of liver
disease evolution following
hepatitis B viral infection: (A)
Liver transition from healthy to
fibrosis to cirrhosis; (B)
Hepatitis B virus localization
during acute and chronic stages
of hepatitis B viral infection.
During chronic disease, liver is
restructured into abnormal
nodular structures separated by
collagen (yellow streaks, right
panel). Figure created in https://
BioRender.com

hepatocyte death, and HBV travel rates between patches influence viral persistence.
The results can help elucidate how the host-virus interactions in a heterogeneous
architecture influence the transition between viral resolution and viral persistence.

2 Mathematical Model Development

Single-patchmodel of hepatitis B virus infection.Themathematicalmodel of homo-
geneous hepatitis B virus infection considers the interaction between uninfected liver
cells T , infected liver cells I , and hepatitis B virus V . It assumes that uninfected liver
cells are produced at rate s, die at natural death rate d, and are infected at rate β.
Infected liver cells die at immune-response mediated rate δ (≥ d) and produce new
virus at rate p. Virus is cleared at rate c. The mathematical model is given by:

dT

dt
= s − dT − βT V ,

d I

dt
= βT V − δ I ,

dV1
dt

= pI − cV ,

(1)

with initial conditions T1(0) = s/d, I (0) = I0, V (0) = V0. This model was first used
(in the context of hepatitis B virus infection) byNowak et al. (1996) and utilized further
in Ciupe, Ribeiro, Nelson, and Perelson (2007); Murray et al. (2005); Dahari et al.
(2009); Tsiang et al. (1999); Neumann et al. (2010); Ciupe et al. (2024); K. Wang
et al. (2010); Yousfi et al. (2011); Meena et al. (2023); Hews et al. (2010); Lewin
et al. (2001). Its corresponding basic reproduction number (representing the average
number of new viruses or infected cells generated by a single virus in a naive host) is
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given by

R0 = β p

cδ

s

d
.

It is easy to show that virus is cleared when R0 < 1 and persists when R0 > 1
(Ciupe and Heffernan 2017). In this study, we expanded model Eq. 1 by taking into
account the anatomy of the liver during HBV-induced liver disease. It has been shown
that, following hepatitis B infection, liver is restructured into abnormal nodular struc-
tures separated by collagen (Fig. 1A and B, right panels). To address differences in
virus-host interactions in nodular structures, we developed a two-patch mathematical
model and used it to investigate how heterogeneity in infection changes the conditions
for viral clearance and viral persistence. Special attention was given to parameters
describing liver injury, δ, and liver regeneration, s. This two-patch model is a first step
in including heterogeneity, with multi-patch models being the obvious next step.

Two-patchmodel of hepatitis B virus infection.Weexpandedmodel Eq. 1 to account
for virus dynamics in two liver nodular structures, obtaining a two-patch model of
HBV infection. In each nodular structure, we modeled the interaction between unin-
fected liver cells Tj , infected liver cells I j , and hepatitis B virus Vj , with j = {1, 2}.
As before, we assumed that uninfected liver cells are produced at rates s j (nodular
structure-dependent), die at natural death rate d, and get infected at rate β (nodular
structure-independent). Infected liver cells are killed at rate δ and produce new virus
at rate p (nodular structure-independent). Virus is cleared at rate c (nodular structure-
independent). Lastly, we assumed that HBV moves between the nodular structures at
rates φi j (nodular structure-dependent), for i, j = {1, 2} and i �= j . The mathematical
model becomes:

dT1
dt

= s1 − dT1 − βT1V1,

d I1
dt

= βT1V1 − δ I1,

dV1
dt

= pI1 − cV1 + φ21V2 − φ12V1,

dT2
dt

= s2 − dT2 − βT2V2,

d I2
dt

= βT2V2 − δ I2,

dV2
dt

= pI2 − cV2 − φ21V2 + φ12V1,

(2)

with initial conditions T1(0) = s1/d, T2(0) = s2/d, V1(0) = V0, I1(0) = I0, I2(0) =
V2(0) = 0. This means that the HBV infection starts in nodular structure 1.

We considered two special cases: (i) the one-directional two-patch model, which
assumes that the HBV is seeded in nodular structure 1, moves into nodular structure
2, and never returns into nodular structure 1, i.e. φ12 = φ and φ21 = 0; and (ii) the
two-directional two-patch model, which assumes that the HBV is seeded in nodular
structure 1, and moves at the same rates between the two patches, i.e. φ12 = φ21 = φ.
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3 Results for the One-Directional Two-PatchModel

The one-directional two-patch model, which assumes that the HBV is seeded in nodu-
lar structure 1, moves into nodular structure 2, and never returns into nodular structure
1, is described by:

dT1
dt

= s1 − dT1 − βT1V1,

d I1
dt

= βT1V1 − δ I1,

dV1
dt

= pI1 − cV1 − φV1,

dT2
dt

= s2 − dT2 − βT2V2,

d I2
dt

= βT2V2 − δ I2,

dV2
dt

= pI2 − cV2 + φV1,

(3)

3.1 Asymptotic Analysis Results for the One-Directional Two-PatchModel Eq. 3

We investigated the long-term behavior of the one-directional two-patch model Eq.
3, where HBV is seeded in nodular structure 1, moves into nodular structure 2, and
never returns into nodular structure 1. Model Eq. 3 has three non-negative equilibrium
solutions. The infection-free equilibrium, representing viral clearance in both patches,
is given by:

E0 = (T 0
1 , I 01 , V 0

1 , T 0
2 , I 02 , V 0

2 ) =
( s1
d

, 0, 0,
s2
d

, 0, 0
)

,

and is always biologically realistic. The one-patch chronic equilibrium, representing
virus clearance in nodular structure 1 and persistence in nodular structure 2, is given
by:

E1 = (T 1
1 , I 11 , V 1

1 , T 1
2 , I 12 , V 1

2 ) =
(
s1
d

, 0, 0,
cδ

β p
,
cd

β p
(R1D

0 − 1),
d

β
(R1D

0 − 1)

)
,

where:

R1D
0 = β ps2

cdδ
. (4)
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Equilibrium E1 is biologically realistic if and only if R1D
0 > 1. Lastly, model Eq. 3

has two two-patch chronic equilibria,

E2 = (T 2
1 , I 21 , V 2

1 , T 2
2 , I 22 , V 2

2 )

=
(

δ(c + φ)

pβ
,
d(c + φ)

pβ
(R1D

eff − 1),
d

β
(R1D

eff − 1),
cdδ(R1D

0 + 1) + φδd(R1D
eff − 1) − √

D

2βdp
,

cdδ(R1D
0 − 1) − φδd(R1D

eff − 1) + √
D

2β pδ
,
cdδ(R1D

0 − 1) + φδd(R1D
eff − 1) + √

D

2βcδ

)
,

(5)

and

E3 = (T 3
1 , I 31 , V 3

1 , T 3
2 , I 32 , V 3

2 )

=
(

δ(c + φ)

pβ
,
d(c + φ)

pβ
(R1D

eff − 1),
d

β
(R1D

eff − 1),
cdδ(R1D

0 + 1) + φδd(R1D
eff − 1) + √

D

2βdp
,

cdδ(R1D
0 − 1) − φδd(R1D

eff − 1) − √
D

2β pδ
,
cdδ(R1D

0 − 1) + φδd(R1D
eff − 1) − √

D

2βcδ

)
.

(6)

where

R1D
eff = β ps1

dδ(c + φ)
, (7)

and

D = d2δ2
(
[c(R1D

0 − 1) + φ(R1D
eff − 1)]2 + 4cφ (R1D

eff − 1)
)
.

Equilibrium E2 is biologically realistic if and only if R1D
eff > 1. By contrast, E3 is

not biologically realistic since I 32 is always negative. Next, we studied the asymptotic
stability of the equilibrium solutions E0, E1 and E2.

Proposition 1 The infection-free equilibrium E0 is locally asymptotically stable if

max{R1D
0 ,R1D

eff } < 1,

and is unstable otherwise.

Proof We linearized Eq. 3 at the disease-free equilibrium E0,

d

dt

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E0) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 −βs1
d 0 0 0

0 −δ
βs1
d 0 0 0

0 p −c − φ 0 0 0
0 0 0 −d 0 −βs2

d
0 0 0 0 −δ

βs2
d

0 0 φ 0 p −c

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E0).
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The corresponding Jacobian matrix at the disease-free equilibrium E0,

J (E0) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 −βs1
d 0 0 0

0 −δ
βs1
d 0 0 0

0 p −c − φ 0 0 0
0 0 0 −d 0 −βs2

d
0 0 0 0 −δ

βs2
d

0 0 φ 0 p −c

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

can be written as:

J (E0) =
[
A01 0
� A02

]
,

where 0 is the 3 × 3 zero matrix,

A01 =
⎡
⎣

−d 0 −βs1
d

0 −δ
βs1
d

0 p −c − φ

⎤
⎦ , A02 =

⎡
⎣

−d 0 −βs2
d

0 −δ
βs2
d

0 p −c

⎤
⎦ ,� =

⎡
⎣
0 0 0
0 0 0
0 0 φ

⎤
⎦ .

The characteristic equation of model Eq. 3 at E0 is:

0 = P0(λ) = det(J (E0) − λ16) = det(A01 − λ13) det(A02 − λ13)

= (λ + d)2P01(λ)P02(λ).

where

P01(λ) =
∣∣∣∣−δ − λ

βs1
d

p −c − φ − λ

∣∣∣∣ = λ2 + (c + δ + φ)λ + δ(c + φ)(1 − R1D
eff ),

P02(λ) =
∣∣∣∣−δ − λ

βs2
d

p −c − λ

∣∣∣∣ = λ2 + (c + δ)λ + cδ(1 − R1D
0 ),

and 1k is the k × k identity matrix. Two eigenvalues, λ1,2 = −d are always negative.
It is easy to see that the solutions of P01(λ) are negative or have negative real parts
if R1D

eff < 1 and the solutions of P02(λ) are negative or have negative real parts if
R1D

0 < 1. Thus, when
max{R1D

0 , R1D
eff } < 1,

the infection-free equilibrium E0 is locally asymptotically stable. If, by contrast, either
R1D

0 > 1 or R1D
eff > 1, the infection-free equilibrium E0 is unstable. This completes

the proof. ��
Proposition 2 The one-patch chronic equilibrium E1 exists whenR1D

0 > 1, is locally
asymptotically stable if

R1D
eff < 1 < R1D

0 ,

and is unstable otherwise.
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Proof We linearize model Eq. 3 at equilibrium E1,

d

dt

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 −βs1
d 0 0 0

0 −δ
βs1
d 0 0 0

0 p −c − φ 0 0 0
0 0 0 −β ps2

cδ 0 − cδ
p

0 0 0 −d + β ps2
cδ −δ cδ

p
0 0 φ 0 p −c

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E1).

The corresponding Jacobian matrix at equilibrium E1,

J (E1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 −βs1
d 0 0 0

0 −δ
βs1
d 0 0 0

0 p −c − φ 0 0 0
0 0 0 −β ps2

cδ 0 − cδ
p

0 0 0 −d + β ps2
cδ −δ cδ

p
0 0 φ 0 p −c

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

can be written as:

J (E1) =
[
A11 0
� A12

]
,

where

A11 =
⎡
⎣

−d 0 −βs1
d

0 −δ
βs1
d

0 p −c − φ

⎤
⎦ , A12 =

⎡
⎢⎣

−β ps2
cδ 0 − cδ

p

−d + β ps2
cδ −δ cδ

p
0 p −c

⎤
⎥⎦ ,

and 0, � are as before (see Proposition 1.). The characteristic equation of model Eq.
3 at E1 is:

0 = P1(λ) = det(J (E1) − λ16) = det(A11 − λ13) det(A12 − λ13)

= (λ + d)P11(λ)P12(λ),

where

P11(λ) =
∣∣∣∣−δ − λ

βs1
d

p −c − φ − λ

∣∣∣∣ = λ2 + (c + δ)λ + cδ(1 − R1D
eff ),

P12(λ) =

∣∣∣∣∣∣∣

−β ps2
cδ − λ 0 − cδ

p

−d + β ps2
cδ −δ − λ cδ

p
0 p −c − λ

∣∣∣∣∣∣∣

= λ3 +
(
c + δ + β ps2

cδ

)
λ2 +

(
β ps2

δ
+ β ps2

c

)
λ
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+ cdδ(R1D
0 − 1).

One eigenvalue λ = −d is always negative. It is easy to show that the eigenvalues
of P11(λ) are negative or have negative real parts if R1D

eff < 1. For P12(λ), we apply the
Routh-Hurwitz conditions which state that the solutions are negative or have negative
real part if bi > 0 for i = {1, 2, 3} and b1b2 > b3, where:

P12(λ) = λ3 + b1λ
2 + b2λ + b3,

and

b1 = c + δ + β ps2
cδ

,

b2 = β ps2
δ

+ β ps2
c

,

b3 = cdδ(R1D
0 − 1).

Observe that b1, b2 > 0 always, and b3 > 0 when R1D
0 > 1. Moreover,

b1b2 − b3 =
(
c + δ + β ps2

cδ

) (
β ps2

δ
+ β ps2

c

)

− cdδ(R1D
0 − 1)(

c + β ps2
cδ

) (
β ps2

δ
+ β ps2

c

)

+ δβ ps2
c

+ cdδ > 0.

(8)

Therefore, when
R1D
eff < 1 < R1D

0 ,

the one-patch chronic equilibrium E1 is locally asymptotically stable. Conversely,
if R1D

eff > 1 or R1D
0 < 1, the one-patch chronic equilibrium E1 is unstable. This

completes the proof. ��

Proposition 3 The biologically realistic two-patch chronic equilibrium E2 exists and
is locally asymptotically stable if

R1D
eff > 1.
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Proof We linearize model Eq. 3 at equilibrium E2,

d

dt

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E2)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−d − d(R1D
eff − 1) 0 − δ(c+φ)

p 0 0 0

d(R1D
eff − 1) −δ

δ(c+φ)
p 0 0 0

0 p −c − φ 0 0 0

0 0 0 − d(R1D
0 +1)
2 − φδd(R1D

eff −1)+√
D

2cδ 0 − cdδ(R1D
0 +1)+φδd(R1D

eff −1)−√
D

2dp

0 0 0
d(R1D

0 −1)
2 + φδd(R1D

eff −1)+√
D

2cδ −δ
cdδ(R1D

0 +1)+φδd(R1D
eff −1)−√

D
2dp

0 0 φ 0 p −c

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E2).

The corresponding Jacobian matrix at E2 is,

J (E2) =
[
A11 0
� A22

]
.

where

A11 =
⎡
⎢⎣

−d − d(R1D
eff − 1) 0 − δ(c+φ)

p

d(R1D
eff − 1) −δ

δ(c+φ)
p

0 p −c − φ

⎤
⎥⎦ ,

A22 =

⎡
⎢⎢⎣

− d(R1D
0 +1)
2 − φδd(R1D

eff −1)+√
D

2cδ 0 − cdδ(R1D
0 +1)+φδd(R1D

eff −1)−√
D

2dp
d(R1D

0 −1)
2 + φδd(R1D

eff −1)+√
D

2cδ −δ
cdδ(R1D

0 +1)+φδd(R1D
eff −1)−√

D
2dp

0 p −c

⎤
⎥⎥⎦ ,

and 0 and � are as before (see Proposition 1). The characteristic equation of model
Eq. 3 at E2 is:

0 = P2(λ) = det(J (E2) − λ16) = det(A11 − λ13) det(A22 − λ13) = P21(λ)P22(λ).

For both polynomials, we apply the Routh-Hurwitz condition. Let

P21(λ) = λ3 + a1λ
2 + a2λ + a3,
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where

a1 = c + d + δ + φ + d(R1D
eff − 1),

a2 = d(c + δ + φ) + d(c + δ + φ)(R1D
eff − 1),

a3 = δd(c + φ)(R1D
eff − 1).

Polynomial P21(λ) has negative roots or roots with negative real parts when ai > 0
for all i and a1a2 > a3. Note that ai > 0 when R1D

eff > 1. Moreover, it is easy to show
that a1a2 − a3 > 0 when R1D

eff > 1.
Similarly, let

P22(λ) = λ3 + b1λ
2 + b2λ + b3,

where

b1 = c + δ + d + β(V 2
2 )

= c + δ + d(R1D
0 + 1)

2
+ φδd(R1D

eff − 1) + √
D

2cδ
,

b2 = (T 2
2 )β p + (V 2

2 )βc + (V 2
2 )βδ + cd + cδ + dδ

= c + δ

2cδ

(
cdδ(R1D

0 − 1) + φδd(R1D
eff − 1) + √

D
)

+ dδ + cd + cδ

+ 1

2d

(
cdδ(R1D

0 + 1) + φδd(R1D
eff − 1) − √

D
)

,

b3 = (T 2
2 )βdp + (V 2

2 )βcδ + cdδ

= cdδ(R1D
0 + 1) + φδd(R1D

eff − 1),

and V 2
2 and T 2

2 are the target cell and virus equilibrium values for the nodular
structure 2 as given by Eq. 5. Polynomial P22(λ) has negative roots or roots with
negative real parts when bi > 0 for all i and b1b2 > b3. Note that when R1D

eff > 1,
bi > 0 for all i . Moreover,

b1b2 − b3 = β2(c + δ)V 2
2 + T2V2β

2 p

+ V2β(c + δ)(c + δ + 2d)

+ T2β p(c + δ)

+ (c + δ)(c + d)(δ + d),

is positive when R1D
eff > 1. Then, by the Routh-Hurwitz condition, P22(λ) has

negative roots or roots with negative real part when R1D
eff > 1. This guarantees the

local stability analysis of the chronic equilibrium E2. Conversely, when R1D
eff < 1,

equilibrum E2 does not exist. This concludes the proof. ��
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3.2 Structural Identifiability Results for Model Eq. 3

We investigated the structural identifiability of model Eq. 3 using the differential
algebra approach and the DAISY platform (Bellu et al. 2007) (see theMaterials and
Methods section for further details) under two assumptions: (i) viral load is measured
in both patches and the initial conditions of model Eq. 3 are either known or unknown;
and (ii) susceptible liver cells are measured in both patches and the initial conditions
of model Eq. 3 are either known or unknown.

Proposition 4 Whenmeasurements for the V1(t) and V2(t) variables are given, system
Eq. 3 is unidentifiable under unknown initial conditions. In particular, parameters
π1 = {β, c, d, δ, φ} are globally identifiable and parameters π2 = {s1, s2, p} are
unidentifiable. If, additionally, initial conditions are known, then all parameters are
globally structurally identifiable.

Proof The input-output equation for model Eq. 3, given data for y1 = V1(t) and
y2 = V2(t), is:

f (y1, y2, π1, π2) = d3y1
dt3

y1 − d2y1
dt2

dy1
dt

+ d2y1
dt2

y21β

+ d2y1
dt2

y1(c + d + δ + φ) −
(
dy1
dt

)2

(c + δ + φ)

+ dy1
dt

y21β(c + δ + φ) + dy1
dt

y1d(c + δ + φ)

+ y31βδ(c + φ) + y21 (−β ps1 + cdδ + dδφ) = 0,

g(y1, y2, π1, π2) = d2y1
dt2

y2φ + dy1
dt

dy2
dt

φ − dy1
dt

y22βφ

− dy1
dt

y2φ(d + δ) + d3y2
dt3

y2 − d2y2
dt2

dy2
dt

+ d2y2
dt2

y22β + d2y2
dt2

y2(c + d + δ) −
(
dy2
dt

)2

(c + δ)

+ dy2
dt

y1δφ + dy2
dt

y22β(c + δ)

+ dy2
dt

y2d(c + δ) − y1y
2
2βδφ − y1y2dδφ

+ y32βcδ + y22 (−β ps2 + cdδ) = 0.

Parameters {π1, π2} are globally structurally identifiable if:

f (y1, y2, π1, π2) = f (y1, y2, π̂1, π̂2) implies π1 = π̂1 and π2 = π̂2.
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It is easy to see that:

{β = β̂} , {d = d̂} , {δ = δ̂} , {c = ĉ} , {φ = φ̂} , {p×s1 = p̂× ŝ1} , {p×s2 = p̂× ŝ2}.

Therefore {β, c, d, δ, φ} are globally structurally identifiable and {s1, s2, p} are
unidentifiable. When initial conditions are known, we have:

dV1
dt

(0) = pI1(0) − cV1(0) − φV1(0) + φV2(0).

As long as I1(0) �= 0, p (and by default s1 and s2) are globally structurally identifiable.
Hence, model Eq. 3 is globally structurally identifiable for known initial conditions.
A summary of the results is given in Table 1. ��
Proposition 5 When measurements for the T1(t) and T2(t) variables are given, system
Eq. 3 is unidentifiable when initial conditions are unknown. In particular, parame-
ters π1 = {c, d, δ, φ, s1, s2} are globally structurally identifiable, and parameters
π2 = {β, p} are unidentifiable. If, additionally, initial conditions are known, then all
parameters are globally structurally identifiable.

Proof The input-output equations for model Eq. 3, given data for y1 = T1(t) and
y2 = T2(t), are:

f (y1, y2, π1, π2) = −d3y1
dt3

y21 y
2
2 + 3

d2y1
dt2

dy1
dt

y1y
2
2 − d2y1

dt2
y21 y

2
2 (c + δ + φ)

− d2y1
dt2

y1y
2
2s1 − 2

(
dy1
dt

)3

y22

+
(
dy1
dt

)2

y1y
2
2 (c + δ + φ) + 2

(
dy1
dt

)2

y22s1 + dy1
dt

y31 y
2
2β p

− dy1
dt

y21 y
2
2δ(c + φ) − dy1

dt
y1y

2
2s1(c + δ + φ)

+ d2y2
dt2

y31 y2φ −
(
dy2
dt

)2

y31φ + dy2
dt

y31 y2δφ + dy2
dt

y31φs2 + y41 y
2
2βdp

− y31 y
2
2 (β ps1 + cdδ) − y31 y2δφs2

+ y21 y
2
2δs1(c + φ) = 0,

g(y1, y2, π1, π2) = d2y1
dt2

y1y
3
2φ −

(
dy1
dt

)2

y32φ + dy1
dt

y1y
3
2δφ + dy1

dt
y32φs1

− d3y2
dt3

y21 y
2
2 + 3

d2y2
dt2

dy2
dt

y21 y2

− d2y2
dt2

y21 y
2
2 (c + δ) − d2y2

dt2
y21 y2s2 − 2

(
dy2
dt

)3

y21 +
(
dy2
dt

)2

y21 y2(c + δ)

+ 2

(
dy2
dt

)2

y21s2

123



  181 Page 14 of 45 K. Castellano et al.

+ dy2
dt

y21 y
3
2β p − dy2

dt
y21 y

2
2cδ − dy2

dt
y21 y2s2(c + δ) + y21 y

4
2βdp

+ y21 y
3
2 (−β ps2 − cdδ + dδφ) + y21 y

2
2cδs2 − y1y

3
2δφs1 = 0.

Parameters {π1, π2} are globally structurally identifiable if:

f (y1, y2, π1, π2) = f (y1, y2, π̂1, π̂2) and

g(y1, y2, π1, π2) = g(y1, y2, π̂1, π̂2)

imply π1 = π̂1 and π2 = π̂2.

It is easy to see that:

{s1 = ŝ1} , {s2 = ŝ2} , {δ = δ̂} , {d = d̂} , {c = ĉ} , {φ = φ̂} , {β × p = β̂ × p̂}.

Therefore {s1, s2, d, δ, c, φ} are globally structurally identifiable and {β, p} are
unidentifiable. When initial conditions are known, we have:

dT1
dt

(0) = s1 − dT1(0) − βT1(0)V1(0),

making β (and by default p) globally structurally identifiable. Hence, model Eq. 3
is globally structurally identifiable for known initial conditions. A summary of the
results is given in Table 1. ��

3.3 Numerical Results for Model Eq. 3

As seen above, under known initial conditions and unlimited noise-free measurements
of both V1(t) and V2(t) (or T1(t) and T2(t)), all parameters of model Eq. 3 can be
identified from data.

To parametrize the model, we assumed that the entire hepatocyte population s =
d× (T1(0)+T2(0)) is susceptible to HBV infection and considered three cases for the
susceptible cells ratio within the two patches s1 : s2 = {10 : 90, 50 : 50, 90 : 10} (see
Table 2). To create a baseline model of a chronic infection, we fitted model Eq. 3 to
data from an immunosupressed mice (Zhang et al. 2023) (seeMaterials andMethods).
This initial fit is not intended as an exhaustive representation of HBV infection, but
as a starting point for model parametrization. To account for the lack of immunity, we
set δ = d = 0.01 /day (Ciupe, Ribeiro, Nelson, and Perelson 2007) and fixed c = 4.4
/day, as in prior studies (Murray et al. 2005). We fitted the remaining parameters
{β, p, φ} using the fminsearchbnd function in Matlab2021a (see Materials and
Methods section for details). A summary of estimates for each case is given in Table
2 and the model dynamics are plotted in Fig. 2.

Model fitting resulted in similar infectivity rates among the three patch recruitment
cases, i.e. β = 3.3×10−9 ml/(virion× day), β = 2.63×10−9 ml/(virion× day), and
β = 3.13×10−9 ml/(virion× day), for cases 1, 2 and 3, respectively. Viral production
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Fig. 2 The effects of patch-susceptibility on virus dynamics within patches when viral movement is
one-directional. Dynamics of (A)-(E) uninfected (solid line) and infected (dashed line) liver cells in patch
1 (red lines) and patch 2 (blue lines) and (B)-(F) total virus (black line), virus in patch 1 (red line), virus in
patch 2 (blue line) versus mice data (circles) as given by model Eq. 3 in case 1: (A)-(B); case 2: (C)-(D),
case 3: (E)-(F). Model parameters are given in Table 2

rate increased by 21% and 14% in cases 2 and 3 compared to case 1, i.e. p = 1203
virion/(ml× day) and p = 1137 virion/(ml× day), versus p = 998 virion/(ml× day).
The biggest difference is in the estimate of the movement rate φ, which was 41- and
50-times higher in cases 2 and 3, compared to case 1, φ = 4.1 /day and φ = 5 /day,
versus φ = 0.1 /day. To determine if the results can be generalized when we add
noise to the data, we performed practical identifiability analysis using Monte Carlo
approaches (see Materials and Methods for details). We found that all parameters
are strongly practically identifiable for all cases with the exception of parameter φ,
which is weakly practically identifiable for case 1 and case 2; and parameter p, which
is weakly practically identifiable for case 1 (see Table 5 in Materials and Methods).

In all three cases we are in the R1D
0 > 1 and R1D

ef f > 1 regime (R1D
0 = 45.8,

R1D
ef f = 4.9 for case 1; R1D

0 = 24.4, R1D
ef f = 12.6 for case 2; and R1D

0 = 5.5,

R1D
ef f = 23.1 for case 3), which means virus persists in both patches (see Proposition

5).
The baseline parameters obtained through data fitting provide a static representa-

tion of HBV infection, characteristic of chronic infection in an immunocompromised
individual. We next generalize and perturb these baseline parameters to account for
key biological features, such as immune competence and virus localization. Our goal
is to determine the conditions under which the virus is cleared either locally or glob-
ally. To acomplish that, we created one-dimensional bifurcation diagrams. We used
the formulas for V1 and V2 in the equilibrium solutions E0, E1, and E2 (see Section
3.1 for detail) and varied values of δ ∈ (0.01, 0.6). All results are presented as V1 and
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V2 at equilibria versus R1D
0 (which is inversely proportional to δ). We found that when

the number of susceptible cells in patch 1 is low, s1 : s2 = 10 : 90 (as in case 1), virus
is cleared in patch 1 for a large parameter range 1 < R1D

0 < 9 (Fig. 3A) and persists
in patch 2 for all 1 < R1D

0 (Fig. 3B). For equal number of susceptible cells in the
two patches, s1 : s2 = 50 : 50 (as in case 2), virus is cleared in patch 1 for a smaller
parameter range 1 < R1D

0 < 1.7 (Fig. 3C) and persists in patch 2 for all 1 < R1D
0 (Fig.

3D). Lastly, when the number of susceptible cells in patch 1 is high, s1 : s2 = 90 : 10
(as in case 3), virus persists in both patches (Fig. 3E and F). As shown analytically,
virus is cleared from both patches when R1D

0 < 1 and R1D
ef f < 1 (Fig. 3, green solid

lines). Interestingly, the long-term results for case 1 and case 2 have R1D
0 < R1D

ef f (Fig.

3A - D) and long-term results for cases 3 have R1D
0 > R1D

ef f (Fig. 3E - F). To unify
our results, we created two-dimensional bifurcation diagrams (using the formulas for
the equilibrium values for V1 and V2 of the equilibrium solutions E0, E1, and E2, as
before) and varied values of s1 ∈ (0, 500) and s2 ∈ (0, 500). We computed V1, V2 and
V = V1 + V2 at equilibria versus R1D

0 and R1D
ef f values. As shown analytically, we

find that the clearance of virus in patch 1 occurs when R1D
ef f < 1, regardless of R1D

0

value (Fig. 4B), while clearance in patch 2 (and overall) requires both R1D
ef f < 1 and

R1D
0 < 1 (Fig. 4C and A).

4 Results for the Two-Directional Two-PatchModel

The two-directional two-patch model, which assumes that the HBV is seeded in nodu-
lar structure 1, and moves at the same rates between the two patches can be described
by:

dT1
dt

= s1 − dT1 − βT1V1,

d I1
dt

= βT1V1 − δ I1,

dV1
dt

= pI1 − cV1 − φV1 + φV2,

dT2
dt

= s2 − dT2 − βT2V2,

d I2
dt

= βT2V2 − δ I2,

dV2
dt

= pI2 − cV2 + φV1 − φV2.

(9)

4.1 Asymptotic Analysis Results for the Two-Directional Two-PatchModel Eq. 9

We next investigated the long-term behavior of model Eq. 9, where HBV is seeded
in nodular structure 1 and moves at the same rate φ between the two patches. Model
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Fig. 3 One-dimensional bifurcation diagrams for model Eq. 3: V1 and V2 at equilibrium versus R1D
0 . The

other parameters are given in Table 2 for A - B case 1, C - D case 2 and E - F case 3
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Fig. 4 Two-dimensional bifurcation diagrams formodel Eq. 3:A. log10(V1+V2) at equilibrium;B. log10 V1
at equilibrium; C. log10 V2 at equilibrium versus R1D

ef f and R1D
0 . The other parameters are given in Table

2, case 2

Eq. 9 has at most four equilibria. The infection-free equilibrium:

E4 = (T 4
1 , I 41 , V 4

1 , T 4
2 , I 42 , V 4

2 ) = (
s1
d

, 0, 0,
s2
d

, 0, 0),

represents complete viral clearance in both patches, as before. The other three potential
equilibria are of the form:

E j = (T j
1 , I j1 , V j

1 , T j
2 , I j2 , V j

2 ),

j ∈ {5, 6, 7}, where

I j1 = φT j
1 (−T j

1 β2 p2s2 + T j
1 βcdδ p + T j

1 βdδ pφ + βcδ ps2 + βδ pφs2 − c2dδ2 − 2cdδ2φ)

δ(β pT j
1 − cδ − δφ)(T j

1 βcp + θ jβ pφ − c2δ − 2cδφ)
,

V j
1 = φ(−T j

1 β2 p2s2 + T j
1 βcdδ p + T j

1 βdδ pφ + βcδ ps2 + βδ pφs2 − c2dδ2 − 2cdδ2φ)

β(T j
1 βcp + T j

1 β pφ − c2δ − 2cδφ)(β pT j
1 − cδ − δφ)

,

T j
2 = δ(T j

1 βcp + T j
1 β pφ − c2δ − 2cδφ)

β p(β pT j
1 − cδ − δφ)

,

I j2 = T j
1 β2 p2s2 − T j

1 βcdδ p − T j
1 βdδ pφ − βcδ ps2 − βδ pφs2 + c2dδ2 + 2cdδ2φ

δβ p(β pT j
1 − cδ − δφ)

,

V j
2 = T j

1 β2 p2s2 − T j
1 βcdδ p − T j

1 βdδ pφ − βcδ ps2 − βδ pφs2 + c2dδ2 + 2cdδ2φ

δβ(T j
1 βcp + T j

1 β pφ − c2δ − 2cδφ)
.

Here T j
1 is the root of

γ0

(
T j
1

)3 + γ1

(
T j
1

)2 + γ2

(
T j
1

)
+ γ3 = 0, (10)

where

γ0 = βdp2(βc + φ),

γ1 = −β2cp2s1 − β2 p2φs1 − β2 p2φs2 − 2βc2dδ p − 3βcdδ pφ,

γ2 = 2βc2δ ps1 + 4βcδ pφs1 + βcδ pφs2 + βδ pφ2s1 + βδ pφ2s2 + c3dδ2 + 2c2dδ2φ,
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γ3 = −cδ2s1(c
2 + 3cφ + 2φ2).

Since γ0 > 0, γ1 < 0, γ2 > 0 and γ3 < 0, by Descartes’ rule of signs, we can have
one or three T j

1 positive roots. Additionally, for the chronic equilibrium E j to exist,
we need to guarantee positivity of the other variables in equilibrium E j . This occurs
when:

T j
1 < min

{δ(c + φ)

β p
,
cδ(c + 2φ)

β p(c + φ)
,

δ

β p

β ps2(c + φ) − cdδ(c + 2φ)

β ps2 − dδ(c + φ)

}
. (11)

Proposition 6 The infection-free equilibrium E4 is locally asymptotically stable if

R2D
0 = β ps2

dδ

ps1β + dδ(c + φ)

ps1β(c + φ) + dcδ(c + 2φ)
< 1,

and unstable otherwise.

Proof We linearize Eq. 9 at the infection-free equilibrium E4:

d

dt

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E4) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 −βs1
d 0 0 0

0 −δ
βs1
d 0 0 0

0 p −c − φ 0 0 φ

0 0 0 −d 0 −βs2
d

0 0 0 0 −δ
βs2
d

0 0 φ 0 p −c − φ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

T1
I1
V1
T2
I2
V2

⎤
⎥⎥⎥⎥⎥⎥⎦

(E4),

The corresponding Jacobian matrix at E4 is:

J (E4) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 −βs1
d 0 0 0

0 −δ
βs1
d 0 0 0

0 p −c − φ 0 0 φ

0 0 0 −d 0 −βs2
d

0 0 0 0 −δ
βs2
d

0 0 φ 0 p −c − φ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

and the characteristic equation for model Eq. 9 at E4 is:

0 = P4(E4) = det(J (E4) − λ16) = (λ + d)2

∣∣∣∣∣∣∣

−δ − λ − βs1
d 0 0

p −c − φ − λ 0 φ

0 0 −δ − λ
βs2
d

0 φ p −c − φ − λ

∣∣∣∣∣∣∣
.
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Two eigenvalues, λ1,2 = −d are always negative. The remaining polynomial is:

P41(λ) = λ4 + a1λ
3 + a2λ

2 + a3λ + a4,

where

a1 = 2c + 2δ + 2φ,

a2 = (c + δ)2 + 2φ(c + 2δ) + c2δ

c + φ
+ β2 p2s1s2

d2δ(c + φ)

+ β ps1(c + φ) + dcδ(c + 2φ)

d(c + φ)
(1 − R2D

0 ),

a3 = 2(c + δ)(c + φ)δ + 2cφδ + (c + φ + δ)β2 p2s1s2
d2δ(c + φ)

+ β ps1(c + φ) + dcδ(c + 2φ)

d(c + φ)
(c + φ + δ)(1 − R2D

0 ),

a4 = β ps1δ(c + φ) + dcδ2(c + 2φ)

d
(1 − R2D

0 ).

By the Routh-Hurwitz criteria, polynomial P41(λ) has negative roots or roots with
negative real parts when ai > 0 and a1a2a3 > a23 +a21a4. IfR2D

0 < 1, then all ai > 0.
Moreover, using Maple, we can show that a1a2a3 > a23 + a21a4 when R2D

0 < 1 (see
Appendix A). Thus, by the Routh-Hurwitz criteria, if R2D

0 < 1, the infection-free
equilibrium E4 is locally asymptotically stable. In contrast, ifR2D

0 > 1, the infection-
free equilibrium E4 is unstable. This concludes the proof. ��

Lastly, since explicit forms of chronic equilibria E j ( j = 5, 6, 7) are hard to determine,
we examined their existence and asymptotic stability numerically.

4.2 Structural Identifiability Results for Model Eq. 9

As with the one-directional two-patch model, we investigated the structural identi-
fiability of model Eq. 9 under two assumptions: (i) viral load is measured in both
patches and the initial conditions of the model Eq. 9 are either known or unknown;
(ii) susceptible liver cells are measured in both patches and the initial conditions of
the model Eq. 9 are either known or unknown.

Proposition 7 Given measurements for the V1(t) and V2(t) variables, system Eq. 9 is
unidentifiable when initial conditions are unknown. In particular, parameters π1 =
{β, c, d, δ, } are globally structurally identifiable, and parameters π2 = {s1, s2, p}
are unidentifiable. If, additionally, initial conditions are known, then all parameters
are globally structurally identifiable.
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Proof The input-output equations for model Eq. 9, given data for y1 = V1(t) and
y2 = V2(t), are:

f (y1, y2, π1, π2) = d3y1
dt3

y1 − d2y1
dt2

dy1
dt

+ d2y1
dt2

y21β + d2y1
dt2

y1(c + d + δ + φ)

−
(
dy1
dt

)2

(c + δ + φ) + dy1
dt

dy2
dt

φ + dy1
dt

y21β(c + δ + φ)

+ dy1
dt

y1d(c + δ + φ) + dy1
dt

y2δφ − d2y2
dt2

y1φ

− dy2
dt

y21βφ − dy2
dt

y1φ(d + δ) + y31βδ(c + φ)

− y21 y2βδφ + y21 (−β ps1 + cdδ + dδφ)

− y1y2dδφ = 0,

g(y1, y2, π1, π2) = −d2y1
dt2

y2φ + dy1
dt

dy2
dt

φ

− dy1
dt

y22βφ − dy1
dt

y2φ(d + δ) + d3y2
dt3

y2

− d2y2
dt2

dy2
dt

+ d2y2
dt2

y22β + d2y2
dt2

y2(c + d + δ + φ)

−
(
dy2
dt

)2

(c + δ + φ) + dy2
dt

y1δφ

+ dy2
dt

y22β(c + δ + φ) + dy2
dt

y2d(c + δ + φ)

− y1y
2
2βδφ − y1y2dδφ + y32βδ(c + φ)

+ y22 (−β ps2 + cdδ + dδφ) = 0.

Parameters {π1, π2} are globally structurally identifiable if:

f (y1, y2, π1, π2) = f (y1, y2, π̂1, π̂2) and

g(y1, y2, π1, π2) = g(y1, y2, π̂1, π̂2)

imply π1 = π̂1 and π2 = π̂2.

It is easy to see that:

{β = β̂} , {d = d̂} , {δ = δ̂} , {c = ĉ} , {φ = φ̂} , {p×s1 = p̂× ŝ1} , {p×s2 = p̂× ŝ2}.

Therefore {β, c, d, δ, φ} are globally structurally identifiable and {s1, s2, p} are
unidentifiable. When initial conditions are known, we have

dV1
dt

(0) = pI1(0) − cV1(0) − φV1(0) + φV2(0).
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As long as I1(0) �= 0, p (and by default s1 and s2) are globally structurally identifiable.
Hence, model Eq. 9 is globally structurally identifiable for known initial conditions.
A summary of the results is given in Table 3. ��

Proposition 8 Given measurements for the T1(t) and T2(t) variables, system Eq. 9 is
unidentifiable when initial conditions are unknown. In particular, parameters π1 =
{c, d, δ, φ, s1, s2} are globally structurally identifiable, and parameters π2 = {β, p}
are unidentifiable. If, additionally, initial conditions are known, then all parameters
are globally structurally identifiable.

Proof The input-output equations for model Eq. 9, given data for y1 = T1(t) and
y2 = T2(t), are:

f (y1, y2, π1, π2) = −d3y1
dt3

y21 y
2
2 + 3

d2y1
dt2

dy1
dt

y1y
2
2 − d2y1

dt2
y21 y

2
2 (c + δ + φ)

− d2y1
dt2

y1y
2
2s1 − 2

(
dy1
dt

)3

y22

+ dy1
dt

2

y1y
2
2 (c + δ + φ) + 2

dy1
dt

2

y22s1 + dy1
dt

y31 y
2
2β p

− dy1
dt

y21 y
2
2δ(c + φ) − dy1

dt
y1y

2
2s1(c + δ + φ)

+ d2y2
dt2

y31 y2φ −
(
dy2
dt

)2

y31φ + dy2
dt

y31 y2δφ

+ dy2
dt

y31φs2 + y41 y
2
2βdp − y31 y

2
2 (β ps1 + cdδ)

− y31 y2δφs2 + y21 y
2
2δs1(c + φ) = 0,

g(y1, y2, π1, π2) = d2y1
dt2

y1y
3
2φ −

(
dy1
dt

)2

y32φ

+ dy1
dt

y1y
3
2δφ + dy1

dt
y32φs1

− d3y2
dt3

y21 y
2
2 + 3

d2y2
dt2

dy2
dt

y21 y2

− d2y2
dt2

y21 y
2
2 (c + δ + φ) − d2y2

dt2
y21 y2s2

− 2

(
dy2
dt

)3

y21 +
(
dy2
dt

)2

y21 y2(c + δ + φ)

+ 2

(
dy2
dt

)2

y21s2 + dy2
dt

y21 y
3
2β p

− dy2
dt

y21 y
2
2δ(c + φ)

− dy2
dt

y21 y2s2(c + δ + φ)
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+ y21 y
4
2βdp − y21 y

3
2(β ps2 + cdδ)

+ y21 y
2
2δs2(c + φ) − y1y

3
2δφs1 = 0.

Parameters {π1, π2} are globally structurally identifiable if:

f (y1, y2, π1, π2) = f (y1, y2, π̂1, π̂2) and

g(y1, y2, π1, π2) = g(y1, y2, π̂1, π̂2)

imply π1 = π̂1 and π2 = π̂2.

It is easy to see that:

{s1 = ŝ1} , {s2 = ŝ2} , {δ = δ̂} , {d = d̂} , {c = ĉ} , {φ = φ̂} , {β × p = β̂ × p̂}.

Therefore {s1, s2, d, δ, c, φ} are globally structurally identifiable and {β, p} are
unidentifiable. When initial conditions are known, we have:

dT1
dt

(0) = s1 − dT1(0) − βT1(0)V1(0),

making β (and by default p) globally structurally identifiable. Hence, model Eq. 9
is globally structurally identifiable for known initial conditions. A summary of the
results is given in Table 3. ��

4.3 Numerical Results for Model Eq. 9

As seen above, under known initial conditions and unlimited noise-free measurements
of both V1(t) and V2(t) (or T1(t) and T2(t)), all parameters of model Eq. 9 can be
identified from data.

As before,we assumed that the entire hepatocyte population s = d×(T1(0)+T2(0))
is susceptible to HBV infection and considered three cases for the susceptible cells
ratio within the two patches s1 : s2 = {10 : 90, 50 : 50, 90 : 10} (see Table 4). As
before, we set δ = d = 0.01 /day (Ciupe, Ribeiro, Nelson, and Perelson 2007), fixed
c = 4.4 /day and fitted parameters {β, p, φ} using the fminsearchbnd function
in Matlab2021a (see Materials and Methods section for details). A summary of
estimates for each case is given in Table 4 and the model dynamics are plotted in Fig.
5.

As with the one-directional two-patch model, we obtain similar infectivity rates
among the three patch recruitment cases, i.e. β = 2.93 × 10−9 ml/(virion × day),
β = 2.96 × 10−9 ml/(virion × day), and β = 2.94 × 10−9 ml/(virion × day), for
cases 1, 2 and 3, respectively. Moreover, viral production rates are similar among the
three patch recruitment cases, i.e. p = 1053 virion/(ml× day), p = 1055 virion/(ml×
day), and p = 1049 virion/(ml× day), respectively. The estimate of the movement
rate is 50-times higher in case 1 and case 3, compared to case 2, i.e. φ = 5 /day
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Fig. 5 The effects of patch-susceptibility on virus dynamics within patches when viral movement is
two-directional. Dynamics of (A)-(E) uninfected (solid line) and infected (dashed line) liver cells in patch
1 (red lines) and patch 2 (blue lines) and (B)-(F) total virus (black line), virus in patch 1 (red line), virus in
patch 2 (blue line) versus mice data (circles) as given by model Eq. 9 in case 1: (A)-(B); case 2: (C)-(D),
case 3: (E)-(F). Model parameters are given in Table 4

versus φ = 0.1 /day. To determine if the results can be generalized when we add
noise to the data, we performed practical identifiability analysis using Monte Carlo
approaches (see Materials and Methods for details). We found that all parameters
are strongly practically identifiable for all cases, with the exception of φ, which is
weakly practically identifiable in all cases (see Table 6).

In all three caseswe are in the R2D
0 > 1 regime (R2D

0 = 22, for case 1; R2D
0 = 23.6,

for case 2; and R2D
0 = 2.3, for case 3). While we know from the analytical results that

this corresponds to instability of the clearance equilibrium E4, we do not know if it
guarantees the stability of the both-patches viral persistence equilibrium E5 (note that
equilibrium solutions for single-patch viral persistence do not exist for this model).We
investigated these long-term results numerically by deriving one- and two-dimensional
bifurcation diagrams.

As with the one-directional two-patch model, we perturb the baseline parameters
obtained through data fitting to uncover general biological features, such as immune
competence and virus localization. To address this, we created one-dimensional bifur-
cation diagrams as follows. We numerically solved system Eq. 9 for parameters in
case 2 (Table 4) and δ ∈ (0.01, 0.6) using the ode15 function in Matlab2021a. We
ran the model for tend = 3000 days and plotted V1(tend) and V2(tend) versus R2D

0 . We
found that both V1 and V2 are cleared when R2D

0 < 1 and persist when R2D
0 > 1 (Fig.

6A and B). We also created two-dimensional bifurcation diagrams (using the numer-
ical values of V1(tend) and V2(tend), as before), for varied values of δ ∈ (0.01, 0.6),
and φ ∈ (0, 10). We found little variability in the long-term dynamics of V1 and V2,
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Fig. 6 One-dimensional bifurcation diagram for model Eq. 9: log10 V1 and log10 V2 at equilibrium versus
R2D
0 . The other parameters are given in Table 2 for case 2

Fig. 7 Two-dimensional bifurcation diagram formodel Eq. 9:A. log10(V1+V2) at equilibrium;B. log10 V1
at equilibrium; C. log10 V2 at equilibrium versus δ and φ. The other parameters are as in Table 4, case 2

with both viruses being cleared for high infected cells killing rate δ and persisting
for low infected cells killing rate δ, regardless of the movement parameter φ (Fig. 7).
This implies that, when virus moved between patches, immune mediated removal of
infected cells is mandatory for viral clearance.

5 Discussion and Conclusion

In this study, we developed two within-host mathematical models of HBV infection
that take into account the abnormal nodular structure of the liver following prolonged
hepatitis B infection and disease (Yuan et al. 2019; Bataller et al. 2005; Roehlen et al.
2020). For simplicity, we only modeled a two-patch liver structure and assumed that:
(1) each patch has a different numbers of cells susceptible to HBV infection, (2) HBV
is seeded in a single-patch, (3) all other virus-host interactions are patch-agnostic.
The first model, given by Eq. 3, assumes one-directional hepatitis B virus movement
between patches. The second model, given by Eq. 9, assumes two-directional hepatitis
B virus movement between patches. We used the models to determine differences
in overall hepatitis B virus infection under viral localization (as given by the one-
directional model Eq. 3) and free viral movement between patches (as given by the
two-directional model Eq. 9).

We analyzed bothmodels using asymptotic stability techniques and found thatwhen
HBV movement is one-directional, as given by model Eq. 3, equilibrium dynamics
include viral clearance from both patches, viral clearance from the HBV seeding patch
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alone, and virus persistence in both patches.When HBVmovement is two-directional,
as given by model Eq. 9, however, equilibrium dynamics only include viral clearance
from both patches, and virus persistence in both patches. In other words, single-patch
persistence and viral containment within parts of the liver only happen when HBV
movement between patches is irreversible. This can be a result of collagen production,
excessive accumulation of extracellular matrix, and liver dysfunction (Bataller et al.
2005).

Before validating the models with data, we studied their structural identifiability,
and found that we can identify all parameters (under unlimited data) only when viral
inoculum and initial susceptible hepatocyte populations are known. This is the case
regardless of the type of data used (liver cell or virus data).When these initial details are
unknown, several parameters are unidentifiable. A common unidentifiable parameter
between the two models Eqs. 3 and 9 is the viral production rate p, which, when
known (or fixed), ensures identifiability of the remaining parameters. Since p is hard
to estimate experimentally, we assumed known the initial condition of both models,
and estimated p from the data.

Wefitted themodels toHBVDNAdata fromone immunocompromised, humanized
mice (Zhang et al. 2023) and estimated three key parameter values for each model: the
infectivity rate β, the viral production rate p, and the HBV movement rate between
patches φ. Since empirical data (from an immunocompromised animal) showed viral
persistence following the initial expansion, we ignored the effect of immune-mediated
killing rate of infected cells δ (which was set to uninfected cell death rate) and relaxed
this assumption later on. We considered differences in susceptibility to HBV infection
between patches, by varying the target cell recruitment ratio, s1 : s2 between 10:90,
50:50 and 90:10, while keeping the overall liver cell numbers fixed (a reasonable
assumption in an immunocompromised mice (Wieland and Chisari 2005)).

We found that the estimates for the infectivity rate β and for the viral production
rate p are not affected (in a significant manner) by the target cell recruitment ratio
s1 : s2 or by the ability of HBV to move back-and-forth between patches (φ21 = 0 or
φ21 = φ12 = φ). Themovement rateφ, however, is significantly impacted by the target
cell recruitment ratio s1 : s2 and by the model. In particular, for the one-directional
two-patchmovement model Eq. 3, HBV chooses movement towards the non-founding
patch at significantly higher rates (up to 50-times higher) when the initial patch has
more susceptible cells. This outcome may be due to larger numbers of HBV being
created in the original patch in the 50:50 and 90:10 cases, resulting in larger virus
movement. By contrast, for the two-directional two-patch movement model Eq. 9,
HBV chooses higher movement rates (up to 50-times higher) when the patches have
unbalanced numbers of susceptible cells (10:90 and 90:10, respectively) and limited
movement for the balanced patches (50:50). This outcome may be due to each patch
having a sufficient number of target cells available for HBV infection, limiting viral
diffusion.

For the one-directional model Eq. 3, the equilibrium virus levels in patch 2 exceed
equilibrium virus levels in patch 1, regardless of the target cell susceptibility ratio (Fig.
2). By contrast, for the two-directional model Eq. 9, equilibrium virus levels in patch
2 exceed those in patch 1 for the 10 : 90 target cell susceptibility, but are equal to and
lower than those in patch 1 for the 50 : 50 and 90 : 10 target cell susceptibility ratio
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(Fig. 5). Therefore, the quantitative outcomes are influenced by the ability of the virus
to move one- or two-directionally between patches. Our results are not influenced by
practical identifiability issues, with both models being (at least weakly) practically
identifiable.

The baseline parameters obtained through data fitting in bothmodels Eq. 3 andEq. 9
offer a static view ofHBV infection, characteristic of chronicity in an immunocompro-
mised individual. To determine how the results change in an immune competent host,
we derived one- and two-dimensional bifurcation diagrams by using δ (the killing rate
of infected cells) as bifurcation parameter. We varied δ from 0.01 /day (corresponding
to infected cells lifespan of 100 days) to 0.6 /day (corresponding to infected cells
lifespan of 1.7 days).

For model Eq. 3 we found, as expected, that increasing δ results in R1D
0 decrease.

When R1D
0 decreases below 1, we observe viral clearance from both patches (Fig.

3, solid green lines). Interestingly, viral clearance from both patches requires that
δ > 0.45 /day (lifespan of infected cells of 2.2 days or lower) when s1 : s2 = 10 : 90,
δ > 0.24 /day (lifespan of infected cells of 4 days or lower)when s1 : s2 = 50 : 50, and
δ > 0.055 /day (lifespan of infected cells of 18 days or lower) when s1 : s2 = 90 : 10.
This suggests that higher immune responses are necessary for viral clearance when
the majority of susceptible cells are in patch 2. By contrast, persistence in a single-
patch outcomes (e. g. viral clearance in patch 1, and persistence in patch 2) occur for
δ ∈ (0.05, 0.45) when s1 : s2 = 10 : 90, δ ∈ (0.12, 0.24) when s1 : s2 = 50 : 50, and
not at all (in the ranges considered) when s1 : s2 = 90 : 10 (Fig. 3, solid red lines and
Fig. 4). This suggests a limited range of immune responses lead to virus containment
inside a single-patch when the majority of susceptible cells are in patch 1.

For model Eq. 9 we found that viral clearance from both patches requires that
δ > 0.27 /day (lifespan of infected cells of 3.7 days or lower) when s1 : s2 = 10 : 90;
δ > 0.234 /day (lifespan of infected cells of 4.27 days or lower) when s1 : s2 =
50 : 50; and δ > 0.023 /day (lifespan of infected cells of 43 days or lower) when
s1 : s2 = 90 : 10. This suggests that higher immune responses are necessary for viral
clearance when the susceptible cells in patch 1 equal or exceed the susceptible cells
in patch 2 (Fig. 7).

Our study has several limitations. First, themodels ignore liver proliferation follow-
ing liver stress and death (Summers et al. 2003). We accounted for liver proliferation
by choosing different numbers of susceptible cells in each patch. Additional data is
needed to allow for increase inmodel complexity through the addition of a proliferation
term. Second, we ignored cure of infected cells by non-cytolytic processes (Guidotti
et al. 1999; Wieland et al. 2004), and intracellular viral effects (Ciupe and Conway
2024) and assumed that themost important host feature is the immune-mediated killing
of infected cells, δ. It is known that HBV-induced liver disease is immune-mediated
(Ciupe, Ribeiro, Nelson, Dusheiko, and Perelson 2007; Ciupe et al. 2014; Ciupe and
Conway 2024), so more detailed models that account for immune populations and
immune functions will be part of future work. Third, we used an oversimplified model
for the abnormal nodular liver structure following disease, that is composed of just
two patches. While this allowed for analytical tractability of our results, a multi-patch
model may result in richer dynamics and even patterns of infection. Forth, we assumed
either single directional movement or equal movement between patches. A bifurca-
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tion diagram of model Eq. 2 (Appendix B, Fig. 9) shows that, for 0 < �12 < � and
0 < �21 < �, we observe symmetry between virus levels in the two patches. At the
�12 = 0 or �21 = 0 extreme, we recover the one-directional movement model Eq. 3;
and at the �12 = �21 = � extreme, we recover the two-directional movement model
Eq. 9. Further work is needed to uncover dynamics in the intermediate movement
ranges. Lastly, to identify parameters, we had to assume that the initial conditions are
known and I1(0) �= 0. While most within-host models assume that I1(0) = 0, we
bypassed the initial infection and started with one infected cell I1(0) = 1, making
parameter estimates dependent (in a non-significant way - results not shown) on this
assumption.

In conclusion, we developed mathematical models that considered the formation of
liver nodular structures following hepatitis B viral infection and disease and used them
to investigate virus dynamics within-patches and systemically. We predicted different
outcomes when viral movement between patches is either irreversible or reversible.
Moreover, we found that cell susceptibility to infection within nodular structures, the
movement rate between patches, and the immune-mediated infected cell killing have
the most influence on the results.

6 Materials andMethods

6.1 Structural Identifiability Analysis

Global structural identifiability analysis determines whether a model’s parameters can
be uniquely revealed given unlimited noise-free data (for reviews, see (Tuncer and Le
2018; Liyanage et al. 2024; Tuncer et al. 2025; Liyanage et al. 2025)).

Consider a general compartment model:

ẋ(t) = f
(
x(t),q

)
,

x(0) = x0,

y(t) = g
(
x(t),p

)
.

(12)

Here,
x(t) = {T1(t), I1(t), V1(t), T2(t), I2(t), V2(t)} ∈ R

6,

are the state variables at time t , that solve the ordinary differential equations governed
by the rules:

f
(
x(t),q

) ∈ R
6,

for models Eqs. 3 and 9. The parameter vector is:

q = {s1, s2, β, d, δ, c, p, φ} ∈ R
8,

and the initial condition vector is:
x0 ∈ R

6.
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We assumed that the empirical observation represented by y(t) ∈ R
4 can be explained

by models Eqs. 3 and 9 through function:

g
(
x(t),p

) ∈ R
6.

Definition 1 SystemEq. 12 is said to be globally structurally identifiable for parameter
vector q if, for every other parameter vector q̂,

y(t,q) = y(t, q̂) implies q = q̂;

it is locally structurally identifiable for parameter vector q if, for every other parameter
vector q̂,

y(t,q) = y(t, q̂), and q̂ ∈ B(q) implies q = q̂, where B(q) is a ball centered at q;

and it is unidentifiable when at least one of its parameters fails the local identifiability
test.

The methodology for determining the structural identifiability of systems of ordi-
nary differential equations can range from the Taylor series approach (Pohjanpalo
1978), the differential algebra approach (Bellu et al. 2007; Ljung and Glad 1994),
the generating series approach (Walter and Pronzato 1997), the implicit functions
approach (Xia and Moog 2003), and several others. Additionally, there are several
tools (platforms) that can assist in establishing whether a system of ordinary dif-
ferential equations is identifiable, such as the COMBOS (Meshkat et al. 2014), the
Differential Algebra for Identifiability of SYstems (DAISY, Bellu et al. (2007)), the
Exact Arithmetic Rank (EAR, Anguelova et al. (2012)), the GenSSI2 (Ligon et al.
2018), the Structural Identifiability Analyser (SIAN, Hong et al. (2019)), the STRIKE-
GOLDD (Villaverde et al. 2016), and the StructuralIdentifiability.jl (Dong et al. 2023).
In this study, we used the differential algebra approach and the DAISY platform (Bellu
et al. 2007) to determine the structural identifiability of systems Eqs. 3 and 9. The goal
of the structural identifiability is to determine which parameters we can confidently
estimated from unlimited observations.

6.2 Data Fitting

We used previously published longitudinal serum HBVDNA titers from one chimeric
mousewith humanized liver (Zhang et al. 2023). Briefly, a urokinase-type plasminogen
activator and severe combined immunodeficient (uPA/SCID) mouse was transplanted
human hepatocytes (Tateno et al. 2015). Approximately 120–150 days after transplan-
tation (when the growth and proliferation of liver cells is complete), the mouse was
infected with hepatitis B virus. Serum HBVDNAwas collected during the expansion,
peak and persistent stage of HBV infection at days tdata={14, 22, 33, 54, 82, 99, 120,
141, 162, 183, 197, 212} post inoculation. HBVDNA dynamics reached steady levels,
similar to an acute HBV infection that becomes persistent in humans (Zhang et al.
2023).
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6.2.1 Data fitting procedure for the two-patch models Eqs. 3 and 9

Known parameters.We assumed that hepatocytes have a life-span of 100 days (M.-
J. Wang et al. 2017), resulting in an uninfected hepatocyte death rate of d = 0.01
/day. Moreover, we assumed that 6.8 × 105 hepatocytes/ml are susceptible to HBV
infection (Ciupe et al. 2024), resulting in T (0) = T1(0) + T2(0) = 6.8× 105 cells/ml
and a total recruitment rate s = d × T (0) = 6.8 × 103 cells/(ml× day). HBV is
cleared at rate c = 4.4 /day (Murray et al. 2005). Since we fit the model to data from
immunosupressed mice, we assumed δ = d = 0.01 /day.

We assumed that the HBV inoculum is seeded in patch 1, and set patch 1-specific
initial virus and infected cells to V1(0) = 104 HBV DNA/ml and I1(0) = I0 = 1
cells/ml (Zhang et al. 2023). Moreover, we assumed that there is no virus in patch
2 at the beginning of infection. Therefore, I2(0) = 0 cells/ml and V2(0) = 0 HBV
DNA/ml. We split the number of uninfected hepatocytes between the two patches.
T1(0) = T2(0) = 3.4 × 105 hepatocytes/ml, and assumed three cases for hepatocyte
recruitment: (case 1) s1 = 0.1 × s = 6.8 × 102 cells/(ml× day), s2 = 0.9 × s =
6.12× 103 cells/(ml× day); (case 2) s1 = s2 = 0.5× s = 3.4× 103 cells/(ml× day);
and (case 3) s1 = 0.9 × s = 6.12 × 103 cells/(ml× day), s2 = 0.1 × s = 6.8 × 102

cells/(ml× day).
Data fitting algorithm. The remaining parameters π = {β, p, φ} are assumed

unknown and are estimated by minimizing the functional:

J (π) =
(∑
tdata

(
log10 (V1(tdata, π) + V2(tdata, π)) − log10 Vdata(tdata)

)2
)1/2

,

over the parameter spaceπ using the built-in functionfminsearchbnd inMATLAB
R2021a. Parameter bounds are 10−10 ≤ β ≤ 10−7 ml/(virion×day), 0.1 ≤ φ ≤ 5
/day, and 0 ≤ p ≤ 1500 virus/(ml×day) for (case 1 - case 3). The initial guesses
are β = 5 × 10−9 ml/(virion×day), φ = 0.5/day and p = 100 virus/(ml×day). The
resulting values for model Eq. 3 are given in Table 2 and the dynamics of model Eq. 3
over time are given in Fig. 2. Similarly, the resulting values for model Eq. 9 are given
in Table 4 and the dynamics of model Eq. 9 over time are given in Fig. 5.

6.3 Practical Identifiability Analysis

Practical identifiability is a methodology that considers the noisiness in the data set
for a given model, and performs data fitting under noise considerations.

Definition 2 A model is practically identifiable if a unique parameter set can be con-
sistently obtained through the fitting procedure to noisy data.

There are several approaches and conditions for assessing practical identifiability
(Wu et al. 2008; Eisenberg et al. 2013; Roosa and Chowell 2019; Saucedo et al.
2024; Tuncer and Le 2018). In this paper, we used the Monte Carlo (MC) approach
to analyze the practical identifiability of the one-directional two-patch model Eq. 3

123



Investigation of a two-patch within-host… Page 37 of 45   181 

and two-directional two-patch model Eq. 9. The Monte Carlo approach is a sampling
technique that uses random numbers and probability distributions to determine the
practical identifiability of a model (Metropolis and Ulam 1949). We performed MC
simulations by generating M = 1, 000 data sets using the true parameter set π and
adding noise to the data in increasing amounts. The MC simulations are outlined in
the following steps:

1. Solve model Eq. 3 (Eq. 9, respectively) numerically with the true parameter vector
π to obtain the output vector g

(
x(t), π

)
at discrete time points tdata = {ti }ni=1.

2. Generate M = 1, 000 data sets with a given measurement error. We assume the
error follows a normal distribution with mean 0 and variance σ 2(t); that is, the
data are described by:

yi, j = g
(
x(ti ), π

)
(1 + εi, j ),

where εi j ∼ N (0, σ ) at the discrete data time points tdata = {ti }ni=1 for all
j = {1, 2, ..., M} data sets.

3. Estimate the parameter set π j , by fitting model Eq. 3 (model Eq. 9, respectively) to
each of the M simulated data sets. This is achieved by minimizing the difference
between model Eq. 3 (model Eq. 9, respectively) output and the data generated for
the specific scenario:

J (π j ) = ( ∑
tdata

(
log10

(
V1(tdata, π j ) + V2(tdata, π j )

) − log10 Vdata(tdata)
)2)1/2

.

This optimization problem is solved in MATLAB R2021a using the built-in
function fminsearchbnd, which is part of the Optimization Toolbox. Since
fminsearchbnd is a local solver, the optimized minimum value can be influ-
enced by the starting point. To avoid issues related to the starting value, we use
the true parameter values π as the initial parameter starting point provided to
fminsearchbnd.

4. Calculate the average relative estimation error (ARE) for each parameter in the set
π , as follows:

ARE
(
π(k)) = 100% × 1

M

M∑
j=1

∣∣∣π(k) − π
(k)
j

∣∣∣
∣∣π(k)

∣∣ , (13)

where π(k) is the k-th parameter of the true parameter set π , and π
(k)
j is the k-th

element of π j .
5. Repeat steps 1 through4, by increasing themeasurement errorσ = {0, 1, 5, 10, 20,

30}%.

The objective of this algorithm is to determine if the parameters are sensitive to
gradual noise introduced into the given dataset. We used the AREs as a metric to
determine the practical identifiability of model Eq. 3 (model Eq. 9, respectively) by
applying the definition below (see (Heitzman-Breen et al. 2024) for details).
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Definition 3 Let σ be the measurement error introduced to a dataset, and let the ARE
be the average measurement error in the parameter π(k).

1) If 0 ≤ ARE(π(k)) ≤ σ , we say π(k) is strongly practically identifiable.
2) If σ < ARE(π(k)) ≤ 10 × σ , we say π(k) is weakly practically identifiable.
3) If 10 × σ <ARE(π(k)), we say π(k) is not practically identifiable.

We state that a model is practically identifiable if π(k) is practically identifiable for all
values of k.

The results for model Eq. 3 are given in Table 5.
The results for model Eq. 9 are given in Table 6.

Appendix A Stability of Equilibrium E4

To finalize the proof of Proposition 4.,we need to show that Fig 8 a1a2a2 > a23+a21a4.
We are including here the maple file showing that result.

Appendix B Bifurcation Diagram for the GeneralizedModel Eq. 2

We are presenting a bifurcation diagram for the general model Eq. 2 where 0 < �12 <

� and 0 < �21 < �. We observe symmetry between the two movements. At either
extremes �12 = 0 or �21 = 0 we recover the one-directional movement model Eq.
3. When �12 = �21 = �, we recover the two-directional movement model Eq. 9.
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Fig. 8 Supporting analysis for the stability of equilibrium E4

by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.
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Fig. 9 Two-dimensional bifurcation diagrams for model Eq. 2: log10(V1 + V2) at equilibrium versus �12
and �21. The other parameters are given in Table 2, case 2
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